The existence (and abundance) of primordial black holes (PBHs) is governed by the power spectrum (PS) of primordial perturbations generated during inflation. So far no PBHs have been observed, and instead, increasingly stringent bounds on their existence at different scales have been obtained. Up until recently, this has been exploited in attempts to constrain parts of the inflationary PS that are unconstrained by cosmological observations. Here, we first point out that the simple translation of the PBH non-observation bounds into constraints on the primordial PS is inaccurate as it fails to take into account realistic aspects of the PBH formation and evolution process. We then demonstrate, by studying two examples of the uncertainties, that even though they may seem small, they have important implications for the usefulness of the constraints. We first display a concrete example of a PS that is seemingly in conflict with the PBH non-observation constraints imposed on the PS, but, when subjected to the well-studied critical-collapse effect, leads to a mass spectrum which is allowed by the PBH non-observations used to constrain the same PS. The amplitude of the recovered spectrum can be sufficiently large to wash out all the detailed features of the constraints. Then, we point out that the uncertainty induced by the effect of non-spherical collapse may be much larger than the difference between particular bounds from PBH non-observations and the general maximum cap stemming from the condition Ω ≤ 1 on the dark-matter density in the form of PBHs. Since the PBH non-observation constraints on the primordial PS are at present only slightly tighter than the Ω ≤ 1 constraint and do not add much to it, taking into account the size of the uncertainties renders them practically nonexistent and virtually futile (as yet). The "theoretical" requirement Ω ≤ 1 seems, therefore, although subject to the same uncertainties, to currently provide a more reliable constraint, which better reflects our current lack of detailed knowledge of PBH formation. This, and other effects, such as merging, clustering and accretion, may also loosen constraints from non-observations of other primordial compact objects such as ultra-compact minihalos of dark matter.
Introduction -Cosmological observations, in particular those of the cosmic microwave background (CMB) anisotropies [1, 2] , place tight constraints on the properties of the primordial density (or curvature) fluctuations on large scales through the accurate measurements of the primordial power spectrum [1, 3] . These measurements, however, probe only a relatively small range of scales, ie., wave numbers between k ∼ 10 −3 Mpc −1 and k ∼ 1 Mpc −1 . Even though the measured power spectrum on these cosmological scales provides strong evidence in support of an inflationary phase [4] [5] [6] [7] in the early Universe, and constrains various inflationary models and their parameters [3] , it only probes a small region of the inflaton potential. It has therefore been of importance to try to extend the constraints on the curvature power spectrum to a wider range of scales using other cosmological and astrophysical measurements. Power-spectrum constraints have been extended to k ∼ 10 4 Mpc −1 through measurements of the CMB spectral distortions [8, 9] , and to k ∼ 10 4 Mpc −1 using constraints on entropy production between Big Bang nucleosynthesis and today [10] , although these are currently only (fairly weak) upper bounds on the amplitude of the spectrum.
One important set of such additional constraints on small scales has been provided by non-observations of primordial black holes (PBHs) [11, 12] that are expected to have formed in the early Universe when very large density perturbations collapsed. In most scenarios, these overdensities are of inflationary origin [13] [14] [15] .
1 As soon as the overdense regions come back into causal contact after inflation, they collapse if they exceed a medium-specific threshold. PBHs form mainly in the radiation-dominated epoch, hence a radiation medium is considered. Because of the connection between the formation of PBHs and the amplitude of primordial fluctuations, observations or non-observations of PBHs could potentially further constrain inflationary dynamics on scales far smaller than the cosmological ones. PBHs have not been observed yet, and constraints from their non-observations have been used [14, [17] [18] [19] [20] [21] to place (currently weak) upper limits on the amplitude of the power spectrum over a very wide range of scales (from k ∼ 10
23 Mpc −1 [14] ). Similar arguments are behind another type of constraints on the power spectrum at small scales, namely those from the non-observations of ultra-compact minihalos of dark matter (UCMHs) [22, 23] that are expected to have formed shortly after matterradiation equality when a perturbation with a very large amplitude but not large enough to collapse to a black hole enters the horizon [24] [25] [26] .
In this Letter we question the current use of constraints on the existence and abundance of PBHs (and similarly of UCMHs) to constrain the primordial power spectrum. We first demonstrate, via a simple example, that taking into account realistic aspects of the PBH (and UCMH) formation and evolution, such as the well-studied critical collapse, makes the simple translation of the constraints on their existence and abundance into constraints on the power spectrum inaccurate. This, in turn, implies that the local details of the current non-observation constraints are not reliable, as the critical-collapse effect washes them out. Then, we demonstrate that the effect of non-spherical collapse might induce uncertainties with magnitudes larger than the differences between direct constraints from non-observations of PBHs and the overall limit from the maximum total dark matter, which renders the former constraints practically useless.
Primordial black holes and power-spectrum constraintsThe naïve first estimate of PBH formation postulates that the holes formed this way would have a mass M of the order of the mass M H of a black hole of horizon size equal to the Universe's horizon at their time of formation. If the underlying primordial power spectrum is Gaussian, the simplest assumptions dictate that the fraction β of the collapsed patches in the Universe at their time of formation is given by [27] 
Here, δ c is the critical overdensity, which, in radiation domination, is found to be approximately equal to 0.45 (cf. Ref. [28] ). Note that this value is essentially independent of the mass of the collapsing space-time region. In Eq. (1), σ denotes the root-mean square of the primordial density power spectrum P δ . Erfc is the complementary error function Erfc ≡ 1−Erf, with Erf being the standard error function. For values of β between 0 and 2, this function is invertible, and hence it might appear reasonable that a constraint on the density of PBHs of a certain mass could be translated into a constraint on the primordial power spectrum (as has been, for instance, performed in Refs. [18] [19] [20] [21] ). 2 This procedure would open up a possible way to constrain the primordial power spectrum at much smaller scales than those accessible with CMB observations [1, 3] .
However, this naïve procedure has been shown to be too simplistic and may lead to tremendous errors (cf. Refs. [29, 30] ). There are several important effects which need to be accounted for in order for the transformation between the primordial power spectrum and the PBH mass distribution to yield reliable answers.
Sources of uncertainty -The first and best studied of these effects is perhaps that of the critical collapse. As has been argued theoretically [31, 32] , and was later also found in numerical investigations [27, 28, 33, 34] of collapse in full general relativity, primordial black holes actually form through the so-called critical collapse. By this, it is meant that the holes are not produced mono-chromatically, with their mass M just being equal (or proportional) to the horizon mass, but form subject to the so-called critical scaling
Here, k is a real, positive constant, and the quantity δ denotes the overdensity. In radiation domination and for spherical density profiles -which will be assumed from now on -one finds γ = 0.36 and k = 3.3 (cf. Ref. [28] ). Eq. (2) describes the generation of a PBH mass distribution at each instance of time at which the overdensities reenter the horizon. Generically, also the initial spectrum of overdensities will be extended, leading to PBH formation in a range of different horizon masses, which will then be convoluted with the critical-collapse effect. Hence, one looses the one-to-one correspondence between PBH mass and formation time/scale. If the shapes of the overdensities are non-spherical, which is to be expected in a realistic distribution, this may also lead to large effects, as has been pointed out recently in Ref. [30] . This non-sphericity effect is likely to strongly reduce the overall production of PBHs, yielding significantly weaker constraints on the primordial power spectrum from PBH non-observations. Although corresponding detailed numerical studies are still lacking, utilising the estimate for ellipsoidal collapse of Ref. [30] , we are essentially led to changes in the threshold of the density contrast δ c , which increases as
This is exactly the functional form as found in the study of ellipsoidal galactic halo formation [35] . The parameters κ and ν are unknown, but suggestions can be the theoretical naïve estimates κ = 9/ √ 10π and ν = 1/2, or halo-like estimates κ = 0.47 and ν = 0.67. It is easy to show, by demanding the same final value of β (cf. Eq. (1)), and given a model with a certain threshold δ c and a variance σ 1 , that changing to a new threshold δ ec (cf. Eq. (3)) demands the replacement
Here, W is the Lambert W-function, which is defined as the inverse function of f (W) = W exp (W). Another source of potential uncertainty is provided by primordial non-Gaussianities. These might be particularly relevant as PBH formation requires density contrasts of large, ie. O(1), magnitude deep inside the tail of the respective distribution where deviations from the Gaussian spectrum may have a particularly large effect. Like nonsphericities, these more or less shift the PBH abundance, albeit this effect can be in both directions, depending on the sign of the non-Gaussianity [16, [36] [37] [38] . However, if a significant amount of dark matter exists in the form of PBHs formed from a non-Gaussian spectrum, this will also add isocurvature effects to the CMB. As these are strongly constrained, PBHs from such an origin should be ruled out a priori as a large contributor to dark matter; for details see Refs. [37] [38] [39] . Hence, at the current constraint level, non-gaussian effects of models will either have a relatively moderate effect, or the isocurvature effects they have will rule them out immidiately. Hence, we do not consider such effects directly here.
Besides the mentioned effects, PBHs could undergo accretion [40] or merger events [12, 41, 42] that would also modify the spectrum observed today, and would thus also contribute to the mixing of PBH masses originating from different parts of the primordial overdensities.
Here, we argue that these realistic effects together, and maybe in particular the less well-studied effects, make it premature to use the non-observations of PBHs to reliably constrain the inflationary power spectrum, or any other PBH formation sources, at the level implied by the exclusion plots that are widely used at present. Although this may be known to the majority of PBH experts, such constraints may also be used by those working on inflation or other aspects of the early Universe. The detailed use of the plots reflecting details in observational constraints may imply to the outsider a level of certainty in the constraints, which we argue is highly overstated.
Two examples: critical collapse and non-sphericities -Let us demonstrate this first by a concrete example where the inclusion of the critical collapse to a seemingly excluded power spectrum will render a PBH mass distribution allowed by the same data used to exclude it. We do this by incorporating the critical-collapse effect in our analysis. As an underlying set-up, which generates the initial spectrum of overdensities, we use the running-mass inflationary model [43, 44] as in Ref. [16] . PBH formation in this model has been intensively studied in the literature (cf. Refs. [16, 29, [45] [46] [47] [48] and references therein). Perhaps the simplest realization of this model is via the inflationary potential
where φ is the inflaton and V 0 is a constant. There exists a plethora of embeddings of this model in various frameworks, such as hybrid inflation [49] , which lead to different functions m φ (φ). These yield distinct expressions for the primordial density power spectra whose variance can be recast into the general form [46] σ(k)
where the spectral indices n(k) and n s (k) are given by
with real parameters λ i , i = 1, 2, 3. The spectral index and amplitude of the primordial power spectrum at the pivot scale k = 0.002 Mpc −1 have been measured [3, 50, 51 ] to be n s (k ) ≈ 0.96 < 1 and P(k ) = O(10 −9 ). In Fig. 1 we show the power-spectrum constraints obtained naïvely by inverting Eq. (1) (excluding the blueshaded regions above the blue, solid curve). Input constraints on β are taken from Ref. [16] , but for easier comparison with Ref. [21] constraints from the Eridanus II cluster [52] and the CMB [53] have been excluded. The green, dot-dashed curve depicts the power spectrum for the running-mass inflationary model specified above (with parameters λ 1 = 0.011, λ 2 = 0.0245, and λ 3 = − 0.00304345, in order to yield a dark-matter fraction of 100%, peaked around 30 M ). Seemingly, this model defies the bounds. However, when a PBH mass spectrum is obtained for this model using the critical collapse, it is not excluded by the original PBH constraints. This can be found by applying the critical collapse effect to the power spectrum, as described above. Here, we have compared the resulting PBH mass distribution to the constraints using the methodology described in Ref. [16] .
A potential criticism of this example could be that even though the power spectrum is allowed to have larger amplitudes than the current observational bounds when the critical collapse is taken into account, it cannot go too far from the bounds and therefore the current constraints can still be used with relatively small uncertainties on them, implying that the uncertainties do not affect the observational bounds significantly. It may then be concluded that the non-observation constraints have already excluded a large part of the "allowed" region and are therefore useful even if they are not accurate. We however argue that this is not the case, by showing also the constraints computed through the inversion, according to Eq. (1), of the constraints stemming exclusively from the basic requirement Ω ≤ 1 for the dark-matter density in the form of PBHs (red, dotted line in Fig. 1 ). Even before applying any constraints from the non-observations of PBHs, one can already exclude a large range of the power-spectrum amplitudes at any scales by only applying the Ω ≤ 1 condition. This means that we a priori already have strong constraints on the spectrum, which significantly reduces the region excluded by the non-observation constraints. This remaining region can then be avoided, at least over parts of the mass range, by taking into account the critical-collapse effect, and we therefore do not gain much by adding the non-observation constraints to the original theoretical ones. In addition, the critical-collapse effect smears out the local details of the non-observation constraints, which are commonly used for excluding power spectra with localized features.
In Ref. [55] a similar analysis has been made, and it is pointed out that the uncertainty due to the critical collapse is considerably smaller than the one coming from the uncertainty in the collapse threshold δ c . This is true to an even larger extent when the possibility of nonspherical collapse is considered. Such an effect will in practice introduce a much larger such uncertainty, though this is a one-way uncertainty only weakening the bounds on the primordial power spectrum. However, we feel that the ramifications of the critical collapse are also important. At present, observational effects are translated into constraints on the power spectrum with localized details recognizable from the observational constraints. As the critical collapse smears out the picture, these details are not necessarily retained in a true rendition of the constraints.
We finally turn to non-sphericities, which induce much spectrum excluded using naïvely the inverse of Eq. (1) on a set of observational constraints on PBHs may still be allowed when critical collapse is applied to obtain the mass distribution. I.e., we do not claim that this PBH-generating power spectrum is generically allowed by all current observations, only by observations we used to originally exclude it at the level of the power spectrum. . These are the same as in Fig. 1 . The black, dashed curve shows how these constraints will be weakened with a maximal hypothesis of non-sphericity effects in Eq. (4). Also shown (red, dotted line) is the Ω ≤ 1 constraint. Note that the latter lies below the former over the entire depicted mass range.
larger effects on the combined power-spectrum constraints than most of those derived from non-observations of PBHs, such as microlensing constraints. This can be seen clearly in Fig. 2 in which we again display the same constraints as in Fig. 1 obtained from inverting Eq. (1). Here, we have shown (black, dashed curve) how these constraints will be weakened with a maximal hypothesis of non-sphericity effects in Eq. (4). Note that, over the entire depicted mass range, the effect of non-sphericities (which lies much above even the basic constraints stemming exclusively from the basic requirement Ω ≤ 1) might be significantly larger than any of the constraints derived from non-observations of PBHs (microlensing, etc.). Hence, the applicability of these constraints to constrain the primordial power spectrum is invalidated. 4 Note that the constraints here coming from the overall bound on Ω are still obtained using only the simplest naïve inversion procedure Eq. (1). We recommend to use this line at present to display a rough level of the constraints today, not for its accuracy, but precisely because its lack of localised features reflects the lack of our current knowledge of the exact processes that lead from the primordial power spectrum to PBHs.
Conclusions -Primordial black holes could form from very high inflationary overdensities. This means that constraints on the existence and abundance of PBHs could yield constraints on the inflationary power spectrum. In principle, these constraints could reach over a huge range of scales inaccessible by CMB and other cosmological observations. However, at present, there is no easy passage from a constraint on the mass spectrum of PBHs. Though such a passage seems possible from naïve assumptions, effects like the critical collapse -which is well knownmust be taken into account, and at present no route has been made which encompasses these. The critical collapse affects the details of the constraints, making them unreliable. Furthermore, we have demonstrated that uncertainties induced by non-spherical effects might be so large that most of the constraints from non-observations of PBHs would be practically nonexistent. We have shown this by comparing the non-sphericity uncertainties to the improvements in the bounds on the power spectrum that we currently gain by adding non-observation constraints to the constraints coming exclusively from the simple requirement Ω ≤ 1 on the dark-matter density in the form of PBHs. A similar comparison shows that the criticalcollapse effects can rule in, at least over some scales, power spectra which are currently ruled out, with amplitudes all the way to the Ω ≤ 1 bound. In addition, other caveats in the formation and subsequent evolution of PBHs from the inflationary power spectrum, such as the effects of accretion, clustering, or merging of the PBHs after their formation, are currently not fully under control. Until these effects have been studied carefully and taken into account, we recommend to not make detailed constraints on the inflationary power spectrum from non-observation constraints on PBHs. In summary, the current (PBH non-observation) data seem to not be adding much to our "theoretical priors" on the power spectrum coming from the condition Ω ≤ 1, if the uncertainties are taken into account. Therefore, we suggest the cautious scientist to instead apply the simplest scheme for going from PBH constraints to the ones on the primordial power spectrum using only the overall maximum dark-matter constraint. This, although subject to the same uncertainties as non-observation constraints, provides an approximate constraint reflecting our current level of knowledge of mapping the primordial power spectrum to the PBH abundance, without overstating the detailed properties of the constraints. Finally, we believe that our arguments also apply to the constraints placed on the power spectrum by observational constraints on the existence and abundance of UCMHs, as the mechanism behind their formation and evolution resembles that of PBHs. This does not concern the critical collapse, but -even more pronounced -certainly non-sphericities, which may have an even larger effect on the formation of ultra-compact minihalos of dark matter compared to PBHs.
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